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A general theoretical expression for the resonance-absorption cross section of y rays by par-

ticles in liquids is worked out.

The treatment takes into account the general solution of the

Langevin equation, thereby revealing the important role played by the characteristic time of the
liquid. While the line shape predicted by Singwi and Sj8lander takes care of atomic motion, it

is inadequate for the motion of particles in liquids.

When composite particles are used, the

nuclear lifetimes of the M8ssbauer isotopes may be compared with the characteristic time of

the liquid.
can be considerable.

I. INTRODUCTION

It has been long recognized that the resonance
absorption of ¥ rays, otherwise known as the Moss-
bauer technique, could be used to investigate the
nature of diffusive motion in liquids. Singwi and
Sjélander, ! using the space-time correlation func-
tion of van Hove, have derived an expression for
the resonance-absorption cross section. They

It is shown that, under certain conditions, narrowing of the Singwi-SjSlander line

have predicted a diffusive broadening of the res-
onance line proportional to the diffusion coefficient
of the liquid and the square of the y-ray energy.

In this laboratory, some experiments have been
conducted using a composite particle containing
two Mossbauer isotopes. An FeSnO, suspension in
machine oil was used, and the line broadenings of
1199 and %"Fe were compared. The ratio should
have been the ratio of the squares of the two y-ray
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energies on the basis of the Singwi-Sj6lander ex-
pression. However, the ratio obtained was dif-
ferent from this. Furthermore, the observed line
broadening for both the ¥"Fe and the !'°Sn lines is
less than that predicted by Singwi and Sjolander.
There are other experimental papersz'6 which re-
port deviations from the Singwi-Sjolander expres-
sion. In view of this, we felt the need to look into
the theoretical derivation of the absorption cross
section afresh, and investigate the diffusive broad-
ening of the Mossbauer line. We felt that, while
the Singwi-Sjolander expression takes care of
atomic motion, it is inadequate for the motion of
particles in a liquid. The characteristic time, or
the relaxation time of the liquid, plays an impor-
tant role in determining the diffusive broadening
when particles are considered. This time can be
included in the analysis only by considering the
general solution of the Langevin equation.

II. GENERAL LANGEVIN DISTRIBUTION

Following Chandrasekhar,” one can write the
general Langevin distribution function for a free
particle as

Wy, t)= »——_———-——ml exp <— LZ——J:O—I:> 1)
U [2mp(121)) 20(t) )
where |7 - 7,12 is the mean-square displacement
of the particle and

o(t) = (2 T/mB2) Bt — 1 + exp(~ Bt)]
= (2D/B)[ Bt -1 + exp(- BE)], (2)

where D is the diffusion coefficient of the liquid;
kg, the Boltzmann constant; m, the mass of the
particle; and 8=6man/m. The quantity 8™ has the
dimensions of time and is called the characteristic
time or the time of relaxation.

The use of p(f) implies that the Langevin proba-
bility distribution is a valid description of the dif-
fusion of a particle in a liquid for all time intervals
t< B! as well as ¢> 871, For atomic motion 8™
is very small, of the order of 1072~10"% sec.

When particles are considered, 8™ could well be

of the order of lifetime of the nucleus in the excited
state, or even greater, and it is necessary to take
the general form of p(f) as given by Eq. (2).

1II. ABSORPTION CROSS SECTION

Singwi and Sjolander have shown that the absorp-
tion cross section per nucleus for a y ray of en-
ergy E is given by

R (l"iw %
0a\W) ="~ €XP 9, T ~8mkp T,

x/ exp[i(Tc.'f —w-% [t,]F;(I», Hd7 dt,

3)

where F¢ (7, t) is the classical self-diffusion func-
tion, Zw=E —E,, and T is the natural width. Sub-

stituting

c 1 ly —7,l2
F 0= T ex"(‘ 2p(t)0 >

and taking the space Fourier transform, we get
o,(w)=%0,TA jlm exp(-iwt -3T|t])

xexp{- o Bt -1 +exp(-Bt)]} dt, @

where

cor sy - o
A=ex0 5o T “8miy7) * “T B
a is a dimensionless number connecting the y-ray
energy with the relaxation time of the liquid and
the diffusion coefficient for the particle.

It is readily seen that

0,(0) = (0oT/20)4 [ explax) (1 - x)°"ax,
where

L
28

tw .
Ss= +a+?=p+zq,

say
Res>0, args<m—¢€ (€>0).
This is the integral representation of the con-
fluent hypergeometric function of Kummer® and
can be written as a power series:

_ OorA . I‘(s) 1

oa(w)_—————ZB I"_-——(1+S)(D( ,s+1, a), (5)
where I'(s) is the y function. The general relation
for all values of « is

L(s) (6)

O'OI“Af\ n-1
Lo I'(n+s) *

218 n=1

When a@<<1 and B is very large, only the first
term really matters, and we get the Singwi~Sjo-
lander result, viz.,

oo’ r+2a8
o) =" A T (T 2a8) - @

When a<1, we can transform ®(1,s+1, @) in Eq.
(5) by Kummer’s formula

&1, s +1, a)=exp(a)®(s,s+1, - a), (8)

which gives

o

04(w) =02—FA exp(@) 2y (- 1)
n=0
% T+ 2aB+2nB o 9)
Wi+ i(T+2aB+2nB)7° n! ’
a result obtained by Singwi and Sjélander® for neutron
scattering where I'=0. Our general relation, viz.,

a,TA a a?
%a(@) =23 ( +;ﬁ+(s+1)(s+2)+“'>’ (10)




clearly reveals that the Singwi-Sjolander Lorent-

zian gets modulated by the terms in the parentheses.

The intensity is increased however small @ might
be, with a corresponding reduction in the linewidth.
Taking only the first two terms in Eq. (10), the
linewidth is given by

2 -1/2
A~ (T +20aB) [(%) +1] .oan

In Table I, we give the broadening that may be
expected for a particle of radius 0.5 yu, diffusing
in a liquid with coefficient of viscosity n=1 P.
Along with this, the broadening as expected by the
Singwi-Sjolander expression is also given. It is
seen that the correction is appreciable in the case
of '¥I for which a=1.28 and 8 is nearly 0. 10 times
the natural width. It is of interest to see the ratio
of the broadening '¥'I line to the *Fe line and also
of '%n line to 5"Fe line for the same particle.
According to the corrected formula A137I/A57Fe
=10.94, Ay /As.,Fe =2, 509 as against the values
of 16. 0 and 2. 754 expected on Singwi-Sjolander
expression. This quantity provides a check on the
validity of the expression derived.

We took a composite particle of FeSnO, enriched
to 85% by *"Fe and "*°Sn and observed the broadening
caused by the diffusive motion of this particle in
machine oil with viscosity n=1P. The suspension
in the machine oil was prepared by stirring the
compound and the oil together in an agate mortar.
That the mixture was left to stay for 2-3 days en-
abled the big particles to settle down., Only the
upper part of the suspension was used. The line-
widths for both 'Fe and !'°Sn lines were measured
while the particles were in suspension. After this,
the linewidths for the same particles without the
oil were measured. The average particle size
was determined using an electron microscope, T
The additional broadening caused because of dif-
fusive broadening was thus computed for both a
14. 4-keV line of 'Fe and a 23. 9-keV line of %Sn.
Figure 1 shows the spectra for 23.9 y rays for the
bulk sample and for particles in the suspension.
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It was found that the ratio of the additional broad-
ening caused because of diffusion was 2.6 as op-
posed to 2,509 predicted by our formula and 2. 754
predicted by the Singwi-Sjdlander expression. We
realize that the ¥Fe and !*°Sn combination does
not provide the real test. Experiments are in prog-
ress with composite particles containing iron and
iodine.

With neutrons, « is always less than 1 and con-
sequently in neutron scattering we will invariably
get a width of the coherent elastic peak equal to
2aB=2k?D., However, when one uses y rays as the
probe, since k for y rays is large, there is a pos-
sibility of « being greater than 1, particularly so
for particles.

When a>1 the root mean square displacement
is greater than the wavelength of a ¥ ray. Under
these conditions v rays will be able to bring out
the finer details of the motion of the particles in
liquid. a>1 satisfies the condition of space reso-
lution.

When a>1, the series in Eq. (6) approaches the
series

%r(s)a‘sz'?%:%l“(s)a‘s exp(a), (12)
0,(w) = (0oI/28)A exp(a)aT'(s). (13)

Using the asymptotic expansion of I'(s), we ob-
tain

| T(s)| = (2m)/2(p? + gyp/2-114
xexp(-p) - exp(- ¢ tan™(q/p))
= @MY% + B2 exp(= ) expl= q¥/p),
(19
since tan™'(g/p)= ¢/p and } is not of any conse-

quence in comparison with $p. T'(s) has the phase
0 given by

=3¢ In(p*+ ¢°)

TABLE I. Comparison of the linewidths obtained from our expression with those ohtained from the Singwi-Sjdlander
expression for different values of @, Results are for a particle of size a=0.5 i and viscosity 1=1,0 P, A8=11.8x10"

eV,
Ratios Singwi-Sjlander  Qurs
Digg, /By = 2.754 2,509
Agary /Bgr =16.00 10.94
Differ- Our expres-~ Our
ent a E b% T nop 2nap T +2n0p sion broadening
nuclei eV) (sec) eV) (eV) (eV) (eV) eV) (eV)
S"Fe  0.08 14.4x10° 977 x107% 4.670x10™" 9.441x107? 18.88 x10™? 23.55 x10™' 23.25 x10~° 18.580 x10~?
Wen 0,22 23.9x10°  1.84x107% 2.485x10™% 2,600 x10™%  5.200x10™%  7.685x10"%  7.148 x10™%  4.663 x10~*
tery 1.28 57.6x10°  1.86x10™7 2.453x10™7 1.510x1077  5.02 x10™7  5.473x10~7  4.486 x10~T  2.033 x10~7
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FIG. 1. Resonance-absorp- ZmiN|
tion line for %n in (a) solid
119gy, 57Fe Oy obtained after pre- 0.5
cipitating the suspension used
for case (b) and (b) in suspended
particles of *%sn %"Fe O in
machine oil.
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6 -5
. (p-é)tan"(g-) -q (“Tz“(El’-’TF)' ) )

~qlnp;
thus

o (w)= UOE%A exp(a)27!/2

r+2 2
cexp [-p(1-m 5T e ()

w, I'+2aB
Xcos (Bln————zaﬁ >

2

=O’0'2£'8A(21T)1/2- exp(—é%) ,

...... SINGWI - SUOLANDER

FIG. 2. Comparison of the ma-
chine-computed line with the Sing-
wi-Sj8lander Lorentzian for a=1.2
and B/T'=1 and 0.01 (2T is taken
as the natural width).

MACHINE COMPUTED LINE/I
FOR «=1.2,8/ =1,0.01
/

2 3 4 5 6
mm
v [ sec

since 2aB> I; and1l+(¢%/p?)~ exp(q¢®/p?). This is
a Gaussian of full width A given by

A=2[A(T+2ap) n2]*2, (15)
IV. DISCUSSION

It is seen that when a>1, the width of the res-
onance line is dependent on the lifetime of the nu-
cleus in the excited state, and for the same parti-
cle would be different if different Mossbauer nuclei
were investigated. Secondly, the width of the res-
onance line varies as (7/n)'/%, rather than T/n as
predicted by Singwi and Sjolander.

For a>1, the linewidth is always less than
T'+2ap. Since the expression for the linewidth
was derived using asymptotic expansion, we felt

1.0

LINE

® INTENSITY

}

o]
w/l
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—o—o— SINGWI- SUOLANDER LINE
—————— MACHINE COMPUTED

OUR ANALYTICAL EXPRESSION
FOR AB>r
FOR =10, B/ » 1,0.3

FIG. 3. Comparison of the
machine-computed line with the
Singwi-Sjélander Lorentzian
and the line obtained from our
expression for ag>T for =10,
and B/T'=1 and 0.3 (2T is taken
as the natural width).

the need to evaluate the integral in Eq. (4) by ma-
chine computation. Figures 2 and 3 give a com-
parison of the machine-computed widths with those
predicted by Singwi and Sjdlander and by us. The
narrowing predicted by our expression, as well as
the shape of the line, are amply demonstrated by
machine computation.

The narrowing is indeed expected from the na-
ture of the expression

2 exp(a) f: exp(iwt) - exp[ — (3T + ap)t]
xexp| - a exp(-pt)] dt.

The term exp| ~ @ exp(— Bt)] modulates the inten-
sity I and alters the width of the resonance line.
In the absence of this term, we get a linewidth

(I'+20p) equal to that given by Singwi and Sjolander.

When a>1, the term exp[ ~ @ exp(~B#)] cannot be
neglected; in such a case it modulates the line and
reduces the width of the line to a value less than
I'+2aB. This situation is similar to the one en-
countered in nuclear magnetic resonance, where,
under fast modulation, one obtains motional nar-
rowing. Indeed, the line becomes increasingly
narrow as « is increased.

There are several other situations in which such
a narrowing can occur. In this context, it may be
useful to refer to the work of Dash and Nussbaum®®

who pointed out the possibility of relaxational nar-
rowing of the Mossbauer line. They considered

a system in which emission of the resonance y ray
was preceded by a relatively energetic nuclear
event such that the local environment is initially
disturbed from equilibrium which subsequently
relaxes. They assumed that the mean square dis-
placement (x? of the impurity averaged over a
period of localized mode relaxes with a single re-
laxation time B! (in our notation) according to

x2 = (a?) = (x - (x®)) exp(- vt) = 2ar?exp(- Bt),

where x2 and x% are the initial and thermally re-
laxed values. They obtained the expressions for
E(#) and E(w) as under

E(t) - <f>1/2 ei mote-(r/Z)tv eXp(— ae.ﬁt ),
E(w)=(f)”2f: eiwote T2t exp(~ aet)dt.

These expressions are similar to Eq. (4). Com-
puter analysis showed that under certain circum-
stances, one could get a line narrower than the
Mossbauer line, Although they did not explicitly
specify the conditions, by implication they had
chosen the condition @>1 and 1/8 comparable
with the nuclear lifetime. Indeed, if 1/8 is very
small of the order 1072-10"% sec, much smaller
than nuclear lifetime, the width of the line would



678 BHIDE

be the natural linewidth.

An upper limit on narrowing due to diffusion
broadening can be inferred from our general ex-
pression

2
)= e,

0u(w) = 5554 (+s+1+(s+1)(s+2)+ .
When a—x g~ 0, the above goes over to

2
P S CORC
0 (W) 235 1+ ST

et al. §
=09FA 1
2 TI'+iw’

giving a Lorentzian with natural linewidth. This
is the adiabatic approximation. In the present
model which we have considered, namely, the
Langevin model of diffusion, the satisfaction of
the space-resolution condition does not yield any
additional information regarding the time aspects
of the motion; but if we can consider the atomic
motion in a liquid where such a condition is satis-
fied, then y-ray scattering can yield information
regarding the dynamics of motion in the liquid.

*Presently visiting scientist at the National Physical
Laboratory, New Delhi, India.
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The nuclear quadrupole coupling parameters have been determined at the nonaxially symmet-
ric Fe¥* site in ferric oxychloride by Mdsshauer spectroscopic measurements. This compound
should be suitable for checking theoretical models used to calculate electric field components
and their derivatives in ionic solids. The quadrupole splitting (peak separation) is found to be
0.916 0,001 mm/secc. The x, y, and 2z principal axes of the clectric tield gradient (EFG) are
parallel to the ¢, b, and a crystallographic axes, respectively {(c<a<bd). The EFG asymmetry
parameter is 7=0.32+0,03 and V,, <0, A lattice-sum calculation of the EFG based on the
self-consistent monopole-point Jdipole model can be made to [it the data by suitable adjustment
of the anion polavizabilities; however, the necessary polarizahilities and the Fe® quadrupole
moment which is obtained do not seem entirely satistactory.

1. INTRODUCTION

In recent years, the calculation of electric po-
tentials and potential derivatives at sites in ionic
crystals has usually employed some version of the
self-consistent monopole-point dipole model, =3
Briefly, the model involves the evaluation of mono-

pole contributions by a lattice-sum technique and
the inclusion of dipole contributions by a self-con-
sistent calculation of ionic dipole moments. The
dipole-moment calculation requires independent
knowledge of ionic polarizabilities.

There have been few experimental tests of this
model. The most rigorous of these was a compari-



